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Abstract
We present a generalized energy functional E for plane parallel shear flows which provides con-
ditional nonlinear stability for Reynolds numbers Re below some value ReE depending on the shear
profile. In the case of the experimentally important profiles, viz. combinations of laminar Couette
and Poiseuille flow, ReE is shown to be at least 174.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Although plane parallel shear flows of viscous incompressible fluids belong to the
simplest hydrodynamical systems the stability of the basic flow is up to the present in-
sufficiently understood. It is of particular interest to determine that value of the Reynolds
number at which the onset of instability occurs. Most interesting are those shear flows
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544 R. Kaiser, G. Mulone / J. Math. Anal. Appl. 302 (2005) 543–556which are of experimental relevance. These are the wall and pressure driven flows in
plane parallel channels (Couette and Poiseuille flow, respectively) and linear combinations
thereof.
The classical methods which yield rigorous stability results, are the energy method and
the method of linearized stability. The former method yields global asymptotic stability
for Reynolds numbers Re below some value ReE which is of the order 102 for the above
mentioned flows [1,8]. The second method yields a critical value Rec below which the
system is conditionally stable and above it is unstable. For Poiseuille flow there is Rec of
order 104, as numerically has been found (cf. [4]), whereas for Couette flow there is even
Rec = ∞ [16]. Experimentally, the onset of instability is observed for Reynolds numbers of
the order 103 (cf. [3,7]), i.e., none of the classical methods describes the stability behavior
satisfactorily.
A third method which has successfully been applied to a couple of hydrodynamic stabil-
ity problems uses generalized energy functionals E which are better adjusted to the specific
problems under consideration [6,9,17]. This method of generalized energy functionals or
Lyapunov direct method [5] provides in general conditional stability for Reynolds num-
bers below some value ReE together with explicit stability balls in the E1/2-norm. It has
already been applied to plane parallel shear flows, however, under the assumption of stress-
free boundary conditions for the perturbations [15]. Rigid boundary conditions, which are
more appropriate, proved so far as a serious problem for the application of this method [11].
Only recently, using a refined calculus inequality, this problem could be resolved, and con-
ditional nonlinear stability has been proved in the Couette flow case for Reynolds numbers
below ReE = 177 [12].
Here, conditional nonlinear stability is proved for arbitrary plane parallel shear flows
up to some value ReE which depends on the shear profile. The corresponding functional E
is simpler than that used in [12]. As a consequence ReE turns out to be RexE, the ordinary
energy stability limit for perturbations which do not vary in the spanwise direction. In
the case of the experimentally important profiles, viz. linear combinations of Couette and
Poiseuille flow, this number is at least 174, the value for pure Poiseuille flow. For Couette
flow it coincides with the value obtained in [12].
2. Preliminaries
The appropriate geometrical setting for plane parallel shear flows is an infinite layer
R × (− 12 , 12 ) of thickness 1 with horizontal coordinates x, y and vertical coordinate z.
Plane parallel shear flows are then characterized by the functional form
U0 = U0(z) = Re
(
f (z)
0
0
)
. (2.1)
The function f : [− 12 , 12 ] → R is assumed to be sufficiently smooth and is called the shear
profile. For Couette flow there is f (z) = −z and for Poiseuille flow f (z) = 1−4z2. Re > 0
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layer and the maximum velocity difference in the flow. In order to investigate the stability
of U0 we impose perturbations u = (ux,uy,uz). These are governed by the system{
∂tu − ∆u + Re(f ∂xu + f ′uzex) + u · ∇u + ∇p = 0,
∇ · u = 0, (2.2)
in R2 × (− 12 , 12 ) × (0, T ), T > 0, and satisfy the boundary conditions
u(x, y, z, t) = 0 for (x, y, z) ∈ R2 ×
{
−1
2
,
1
2
}
, t > 0. (2.3)
Here ex = (1,0,0)T. The initial value u(·,0) = u0 at time t = 0 is assumed to be given
(and of course solenoidal). u corresponds to the velocity field of the perturbation and p
denotes the pressure. Both u and ∇p are x, y-periodic with respect to a rectangle P =
(−π
α
, π
α
)× (−π
β
, π
β
) with wave numbers (α,β) ∈ R2+. In the following it suffices therefore
to consider functions over the box
Ω =P ×
(
−1
2
,
1
2
)
=
(
−π
α
,
π
α
)
×
(
−π
β
,
π
β
)
×
(
−1
2
,
1
2
)
.
As basic function space we take L2(Ω). In the sequel, ‖ · ‖ is always the norm in L2(Ω)
except in the case when applied to a function defined on (− 12 , 12 ). Then, ‖ · ‖ means the
norm in L2(− 12 , 12 ); the correct notion should be clear from the context. (·, ·) denotes
always the scalar product associated with ‖ · ‖.
In order to cope with the divergence constraint (2.2)2 we make use of the poloidal-
toroidal decomposition [18]:
u = ∇ × (∇ × (ϕ ez))+ ∇ × (ψ ez) + F =: δϕ + εψ + F. (2.4)
Here ez = (0,0,1)T. The functions ϕ and ψ are determined uniquely if one requires them
to be periodic with respect toP and to fulfill ∫P ϕ(x, y, z) dx dy = ∫P ψ(x, y, z) dx dy = 0
for every z ∈ (− 12 , 12 ). The first part in (2.4) is called the poloidal part of u and the second
one the toroidal one. The third part, the mean flow, depends only on z and has constant third
component. These three parts are mutually orthogonal in L2(Ω)3. The vector operators δ
and ε have the form
δϕ =
(
∂x∂zϕ
∂y∂zϕ
(−∆2)ϕ
)
, εψ =
(
∂yψ
−∂xψ
0
)
,
where ∆2 = ∂2x + ∂2y is the horizontal Laplacian. The boundary conditions (2.3) for u
transform into
ϕ = ∂zϕ = 0, ψ = 0, Fx = Fy = 0 for z = ±12 , (2.5)
and Fz(z) ≡ 0. Applying the operators δ and ε to Eq. (2.2)1 as well as taking the mean with
respect to P the system (2.2) can equivalently be formulated in terms of the new variables
(ϕ,ψ,Fx,Fy):
546 R. Kaiser, G. Mulone / J. Math. Anal. Appl. 302 (2005) 543–556(−∆)(−∆2)∂tϕ + ∆2(−∆2)ϕ + Ref (−∆)(−∆2)∂xϕ + Ref ′′(−∆2)∂xϕ
+ δ · (u · ∇u) = 0,
(−∆2)∂tψ + (−∆)(−∆2)ψ + Ref (−∆2)∂xψ − Ref ′(−∆2)∂yϕ
− ε · (u · ∇u) = 0,
∂tFx +
(−∂2z )Fx + 1|P |
∫
P
u˜ · ∇u˜x dx dy = 0,
∂tFy +
(−∂2z )Fy + 1|P |
∫
P
u˜ · ∇u˜y dx dy = 0. (2.6)
u˜ := δϕ + εψ is that part of u which has vanishing mean value over P and |P | := 4π2
αβ
denotes the volume of P .
With Φ := (ϕ,ψ,Fx,Fy)T a compact matrix notation can be used for system (2.6),
B∂tΦ +AΦ − ReCΦ +M(Φ,Φ) = 0. (2.7)
Here, B and A are diagonal matrix operators, C is a nonnormal interaction matrix, andM
is a bilinear form. The operatorA, for example, has the form
A= diag(∆2(−∆2), (−∆)(−∆2), (−∂2z ), (−∂2z )),
acting in the Hilbert space
H := L2M(Ω)×L2M(Ω)× L2
((
−1
2
,
1
2
))
×L2
((
−1
2
,
1
2
))
,
where L2M(Ω) denotes the space {f ∈ L2(Ω) |
∫
P f (x, y, z) dx dy = 0 for a.e. z ∈
(− 12 , 12 )}. The domain D(A) is most easily described in terms of a Fourier mode expansion
for ϕ and ψ with respect to the horizontal variables x and y ,
ϕ(x, y, z) = 1√|P |
∑
κ∈Z2\{0}
aκ (z)e
i(ακ1x+βκ2y), (2.8)
ψ(x, y, z) = 1√|P |
∑
κ∈Z2\{0}
bκ (z)e
i(ακ1x+βκ2y). (2.9)
We then define (cf. [10,19])
D(A) = D(∆2(−∆2))×D((−∆)(−∆2))× D(−∂2z )×D(−∂2z ),
where
D
(
∆2(−∆2)
)=
{
ϕ
∣∣ ϕ expanded as in (2.8),
aκ ∈ H 4
((
−1 , 1
))
, aκ = ∂zaκ = 0 at z = ±1 ,2 2 2
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κ∈Z2\{0}
(
α2κ21 + β2κ22
)2 1/2∫
−1/2
∣∣(−∂2z + α2κ21 + β2κ22 )2aκ (z)∣∣2 dz < ∞
}
,
D
(
(−∆)(−∆2)
)=
{
ψ
∣∣ ψ expanded as in (2.9),
bκ ∈ H 2
((
−1
2
,
1
2
))
, bκ = 0 at z = ±12 ,
∑
κ∈Z2\{0}
(
α2κ21 + β2κ22
)2 1/2∫
−1/2
∣∣(−∂2z + α2κ21 + β2κ22 )bκ (z)∣∣2 dz < ∞
}
,
and
D
(−∂2z )= H 2
((
−1
2
,
1
2
))
∩ ˚H 1
((
−1
2
,
1
2
))
.
With these definitions A is a self-adjoint and strictly positive operator. Thus, fractional
powers ofAmake sense and can analogously be explained in terms of the expansions (2.8)
and (2.9). Similar definitions apply to the operators B and C .
The energy of the system (in the volume Ω) becomes in the new variables1
E = 1
2
‖u‖2 = 1
2
{‖δϕ‖2 + ‖εψ‖2 + |P |‖F‖2}, (2.10)
and the variational expression determining ReE takes the form (cf. [10])
|(ux, f ′uz)|
‖∇u‖2 =
|((−2)ϕ,f ′(∂x∂zϕ + ∂yψ + Fx))|
‖(−∆)εϕ‖2 + ‖δψ‖2 + |P |‖∂zF‖2
. (2.11)
For later convenience we admit here complex valued velocity fields. Thus, the real part
(denoted by ) of the interaction term appears in the numerator of (2.11). ReE is then
given by
Re−1E = sup
(α,β)∈R2+
sup
(ϕ,ψ)∈Vαβ
|((−∆2)ϕ,f ′(∂x∂zϕ + ∂yψ))|
‖(−∆)εϕ‖2 + ‖δψ‖2 . (2.12)
Note that F does not depend on x or y and, therefore, drops from the numerator of (2.11).
Thus, F does not contribute to the supremum of (2.11) and can be omitted altogether.
The variational class Vαβ should reflect the mean value condition, the boundary condi-
tions as well as the periodicity of the functions ϕ and ψ . Moreover, it should ensure that
the supremum is in fact attained. A suitable choice is Vαβ = D(A˜1/2) \ {(0,0)}, where A˜
is that part of A that is operating on (ϕ,ψ) in the Hilbert space H˜ := L2M(Ω)×L2M(Ω).
If the class Vαβ of admissible functions is restricted to the class Vα of functions de-
pending only on x and z, or to the class Vβ of functions depending only on y and z the
1 We use the usual notation for L2-scalar products of vector or tensor type quantities. Thus, there is,
e.g., ‖u‖2 = (u,u) =∑3i=1(ui , ui) or ‖∇u‖2 = (∇u,∇u) =∑3i,j=1(∂iuj , ∂iuj ). Note that ∇u is understood
in the sense of a tensor product, whereas u · ∇ =∑3i=1 ui∂i means the scalar product in R3.
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y
E are determined by the following simpli-
fied variational expressions:
1/ReyE = sup
β∈R+
sup
(ϕ,ψ)∈Vβ
|((−∂2y )ϕ,f ′∂yψ)|
‖(−∂2y − ∂2z )∂yϕ‖2 + ‖∂y∂zψ‖2 + ‖(−∂2y )ψ‖2
, (2.13)
1/RexE = sup
α∈R+
sup
(ϕ,0)∈Vα
|((−∂2x )ϕ,f ′∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2
. (2.14)
It is well known that for Couette flow there is
ReE = ReyE = 82.6 . . . , RexE = 177 . . . , (2.15)
and for Poiseuille flow
ReE = ReyE = 99.1 . . . , RexE = 174 . . . (2.16)
(cf. [1,2,8,14]).
We conclude this section with a remark on the connection between the different repre-
sentations for the flow field used here and in [15]. Formally, Eqs. (2.6)1,2 are equivalent to
Eqs. (3.4), (3.3) in [15] if one uses the correspondence
(−∆2)ϕ ∼ w, (−∆2)ψ ∼ ξ
between the poloidal/toroidal scalars ϕ and ψ and the “essential variables” w and ξ . Note,
however, that the essential variables need not obey the mean-value-zero condition, which
is obviously satisfied by (−∆2)ϕ and (−∆2)ψ . Thus, the mean flow need not be treated
separately and in this respect the flow field representation in [15] is simpler than here. The
advantage of the poloidal–toroidal-mean flow representation consists in a one-to-one cor-
respondence between u and (ϕ,ψ,F) (cf. [18]), which is not as easy to establish between u
and the essential variables.
3. Nonlinear stability
Let us consider the functional
E = E1[ϕ] + E2[u,F] := 12‖δϕ‖
2 + 1
2
{
σ‖εu‖2 + ρ |P |‖F‖2}, (3.1)
where the nonnegative coupling constants σ and ρ have yet to be fixed. We determine
a generalized energy limit ReE with just E1, and use E2 to dominate the nonlinear term
arising in the (generalized) energy balance of E1.
Multiplying (2.6)1 with ϕ and integrating over Ω one obtains after partial integration
and use of the boundary conditions (2.5) the generalized energy balance for E1,
∂tE1 = −D1 + ReI1 +N1 (3.2)
with
D1[ϕ] :=
∥∥(−∆)εϕ∥∥2, I1[ϕ] := ((−∆2)ϕ,f ′∂x∂zϕ),
N1[ϕ,ψ,F] := −
(
(u · ∇u), δϕ). (3.3)
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Re−1E = sup
(α,β)∈R2+
sup
ϕ∈Wαβ
I1
D1 [ϕ] (3.4)
with
I1
D1 [ϕ] =
|((−∆2)ϕ,f ′∂x∂zϕ)|
‖(−∆)εϕ‖2 (3.5)
and Wαβ := D(∆2(−∆2)) \ {0}. Note that in (3.5) I1 can always be replaced by |I1| as
with ϕ(x, y, z) ∈Wαβ , ϕ(−x,−y, z) is also admissible. Thus, I1 can always be chosen
positive without affecting D1.
The following proposition identifies ReE with RexE.
Proposition 1. Let ReE be the 3-dimensional (generalized) energy stability limit (3.4) cor-
responding to the functional
E1[ϕ] = 12‖δϕ‖
2,
and RexE the 2-dimensional (ordinary) energy stability limit (2.14) taken with respect to
functions which depend only on x and z. Then, there holds
ReE = RexE.
Proof. Restricting ϕ to y-independent functions ϕ(x, z) in the variational expression (3.5)
yields
I1
D1 [ϕ] =
|((−∆2)ϕ,f ′∂x∂zϕ)|
‖(−∆)εϕ‖2 =
|((−∂2x )ϕ,f ′∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2
,
which is the variational expression corresponding to RexE. This implies ReE RexE.
In order to prove the converse inequality let us decompose ϕ ∈Wαβ into its even and
odd components with respect to the variable x , i.e.,
ϕ = ϕe + ϕo (3.6)
with
ϕe(−x, y, z) = ϕe(x, y, z), ϕo(−x, y, z) = −ϕo(x, y, z).
Inserting (3.6) into (3.5) yields
|((−∆2)ϕ,f ′∂x∂zϕ)|
‖(−∆)εϕ‖2 =
|((−∆2)ϕe, f ′∂x∂zϕo) + ((−∆2)ϕo, f ′∂x∂zϕe)|
‖(−∆)εϕe‖2 + ‖(−∆)εϕo‖2
 |((−∆2)ϕe, f
′∂x∂zϕo) + ((−∆2)ϕo, f ′∂x∂zϕe)|
‖(−∆)∂xϕe‖2 + ‖(−)εϕo‖2
=:F [ϕe,ϕo]. (3.7)
We have, therefore,
sup
(α,β)∈R2
sup
ϕ∈Wαβ
I1
D1 [ϕ] sup(α,β)∈R2
sup
(ϕ ,ϕ )∈W˜
F [ϕe,ϕo], (3.8)
+ + e o αβ
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W˜αβ :=
{
(ϕe,ϕo) | ϕe ∈Wαβ even in x,ϕo ∈Wαβ odd in x
}
.
We are going to prove now
sup
(α,β)∈R2+
sup
(ϕe,ϕo)∈W˜αβ
F [ϕe,ϕo] = sup
α∈R+
sup
(ϕ,0)∈Vα
|((−∂2x )ϕ,f ′∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2
. (3.9)
Let (α,β) ∈ R2+ and (ϕme ,ϕmo ) ∈ W˜αβ such that (ϕme ,ϕmo ) maximizes F . ϕme , ϕmo satisfy
then the Euler–Lagrange equations associated with F ,
∆2
(−∂2x )ϕe − 12µ
(
2f ′(−∆2)∂x∂zϕo + f ′′(−∆2)∂xϕo
)= 0,
∆2(−∆2)ϕo − 12µ
(
2f ′(−∆2)∂x∂zϕe + f ′′(−∆2)∂xϕe
)= 0, (3.10)
together with the boundary conditions
ϕe = ∂zϕe = ϕo = ∂zϕo = 0 at z = ±12 . (3.11)
Due to the maximum property of (ϕme ,ϕmo ), µ is the smallest positive eigenvalue of the
problem (3.10), (3.11), in particular, there is µ = ReE . Inserting appropriate mode expan-
sions for ϕe and ϕo,
ϕe(x, y, z) =
∑
κ∈N0×Z\{(0,0)}
aeκ (z) cosακ1xe
iβκ2y,
ϕo(x, y, z) =
∑
κ∈N0×Z\{(0,0)}
aoκ (z) sinακ1xe
iβκ2y (3.12)
into (3.10) we obtain
(
A2κ − ∂2z
)2
α2κ21a
e
κ −
1
2
µ
(
2f ′A2κακ1∂zaoκ + f ′′A2κακ1aoκ
)= 0,
(
A2κ − ∂2z
)2
A2κa
o
κ +
1
2
µ
(
2f ′A2κακ1∂zaeκ + f ′′A2κακ1aeκ
)= 0, κ ∈ N × Z, (3.13)
with Aκ :=
√
α2κ21 + β2κ22 and each ae/oκ satisfying the boundary conditions ae/oκ =
∂za
e/o
κ = 0 at z = ±1/2.
Observe now that the maximum of F is obtained by a single mode with (say) mode
number κˆ in the expansion (3.12), as can be seen as follows: Assume the maximum is
attained by a (possibly infinite) linear combination of modes. Inserting this combination
in F the numerator as well as the denominator decompose in a sum of bilinear terms
each containing a single mode. Without restriction the modes can be chosen such that
the expansion of the numerator contains only nonnegative terms. Applying Lemma A.1
(cf. Appendix A) we can select a single mode with maximal ratio, which at most increases
the value of the variational expression.
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from the numerator of F . Defining
c(z) := α2κˆ21aeκˆ (z), c˜(z) := ακˆ1aoκˆ (z), γ := Aκˆ ,
we obtain, therefore, a nontrivial solution of the system
(
γ 2 − ∂2z
)2
γ c − 1
2
µ(2f ′γ 3∂zc˜ + f ′′γ 3c˜) = 0,
(
γ 2 − ∂2z
)2
γ 2c˜ + 1
2
µ(2f ′γ 2∂zc + f ′′γ 2c) = 0.
Defining, furthermore,
χe(x, z) = 1
γ
c(z) cosγ x, χo(x, z) = c˜(z) sinγ x,
we end up with a solution of the system
(−∂2x − ∂2z )2(−∂2x )χe − 12µ
(
2f ′
(−∂2x )∂x∂zχo + f ′′(−∂2x )∂xχo)= 0,(−∂2x − ∂2z )2(−∂2x )χo − 12µ
(
2f ′
(−∂2x )∂x∂zχe + f ′′(−∂2x )∂xχe)= 0 (3.14)
satisfying the boundary conditions
χe = ∂zχe = χo = ∂zχo = 0 at z = ±12 ,
and being periodic in x with periodicity length 2π/γ . Observe now that (χ,0) with χ :=
χe +χo is in the variational class Vα with α = γ . Inserting χ into the variational expression
in (2.14) yields with (3.14),
|((−∂2x )χ,f ′∂x∂zχ)|
‖(−∂2x − ∂2z )∂xχ‖2
= |((−∂
2
x )χe, f
′∂x∂zχo) + ((−∂2x )χo, f ′∂x∂zχe)|
‖(−∂2x − ∂2z )∂xχe‖2 + ‖(−∂2x − ∂2z )∂xχo‖2
= 1
µ
.
Thus we can conclude 1/RexE  1/µ = 1/ReE . 
For arbitrary shear flows it is not quite clear whether
RexE > ReE (3.15)
always holds. There are related results which estimate ReE in terms of RexE and Re
y
E (cf. [2]
and [10]) and weaker estimates, e.g., RexE  16/27 ReyE [10], but no general result of the
type (3.15).
If no external body forces are allowed it is well known that the most general shear
profile compatible with viscous flow is a second order polynomial. For the most prominent
examples, Couette and Poiseuille flow, (3.15) is clearly satisfied (cf. Eqs. (2.15), (2.16)).
More generally, for any combination of Couette and Poiseuille flow, we have
Proposition 2. Let fC = −z and fP = 1 − 4z2 be the Couette and Poiseuille profile, re-
spectively. Let, furthermore fq := qfC + (1 − q)fP with q ∈ [0,1], and ReE(q) the energy
stability limit for the profile fq . Then,
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{
RexE(0),RexE(1)
}
 174 . . . (3.16)
holds for any q ∈ [0,1].
Proof. Applying Lemma A.1 of Appendix A on the variational expression of RexE we
obtain
|((−∂2x )ϕ,f ′q∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2

q|((−∂2x )ϕ,f ′C∂x∂zϕ)| + (1 − q)|((−∂2x )ϕ,f ′P ∂x∂zϕ)|
(q + (1 − q))‖(−∂2x − ∂2z )∂xϕ‖2
max
{ |((−∂2x )ϕ,f ′C∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2
,
|((−∂2x )ϕ,f ′P ∂x∂zϕ)|
‖(−∂2x − ∂2z )∂xϕ‖2
}
.
Thus, taking the maximum with respect to ϕ ∈Wα , α ∈ R+, where Wα is again the re-
striction of Wαβ to functions depending only on x and z, we have
1
RexE(q)
max
{
1
RexE(0)
,
1
RexE(1)
}
, q ∈ [0,1],
and with (2.15), (2.16),
RexE(q) 174 . . . , q ∈ [0,1]. 
On the other hand, inserting the maximizing solution (ϕ,ψ) for Couette flow and
Poiseuille flow, respectively, into the expression
|((−∂2y )ϕ, (qf ′C + (1 − q)f ′P )∂yψ)|
‖(−∂2y − ∂2z )∂yϕ‖2 + ‖∂y∂zψ‖2 + ‖(−∂2y )ψ‖2
,
and observing that ϕ,ψ are both even with respect to z for Couette flow but even and odd
for Poiseuille flow, one obtains with (2.13) and (2.15), (2.16),
ReE(q) ReyE(q)min
{
1
q
82.6 . . . ,
1
1 − q 99.1 . . .
}
. (3.17)
So, concerning the question asked above, it follows from Eqs. (3.16) and (3.17) that in-
equality (3.15) holds at least for q ∈ [0,0.43] ∪ [0.47,1].
We have now the following stability result.
Theorem 3. Let (ϕ,ψ,F) be a perturbation of the basic flow U0 = Re(f (z),0,0)T with ar-
bitrary shear profile f (z) satisfying the system (2.6) under rigid boundary conditions (2.5)
and being periodic in the horizontal variables x, y with wave numbers (α,β) ∈ R2+. Let
0 < Re < ReE = RexE, ∆Re := 1−Re/ReE , C := 8(
√
2/m)3/2 and m := min(α,β). More-
over, let
E[ϕ,ψ,F] = 1
2
{
‖δϕ‖2 + σ‖εu‖2 + ρ 4π
2
αβ
‖F‖2
}
be a generalized energy functional with coupling parameters
σ = π
2∆Re
2 , ρ = ∆Re
αβm3√
7 2
. (3.18)Re 22 πRe
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E(t) E(0) exp{−π2∆Re[1 − (E(0)/δ)1/2]t}, (3.19)
provided the initial value satisfies
E(0) < δ := σ
8C2
(
1 + √ρ +
√
1
σm2
+ 1
ρ
)−2
. (3.20)
Proof. The second part E2 of the functional (3.1) is the same as in [12], the estimates,
however, differ slightly. Special attention has to be paid only where E1 or D1 enter the
estimates. So, we are brief where we just repeat calculations of [12].
By scalar multiplication of Eq. (2.2) with σ∆2u and of Eqs. (2.6)3,4 with ρFx , ρFy and
using (2.3), (2.5) we arrive at the energy balance for E2,
∂tE2 = −D2 + ReI2 +N2, (3.21)
where
D2[u,F] = σ‖δu‖2 + ρ|P |‖F′‖2,
I2[u,F] = σ(εuz,εux),
N2[u,F] = −σ(εu · ∇u,εu) − ρ(u˜ · ∇u˜,F). (3.22)
With ∆Re := 1 − Re/ReE and D := ∆ReD1 + D2, the interaction term ReI2 can be
estimated as in [12]:
ReI2  Reσ
∣∣(εuz,εux)∣∣Reσ 1/2∥∥ε(−∆2)ϕ∥∥σ 1/2‖εu‖ Reσ 1/2D1/21 (2E2)1/2
 (∆Re)1/2D1/21 D1/22 
1
2
(∆ReD1 +D2) = 12D. (3.23)
Here, we used the estimate 2E2 D2/π2, which follows with (A.2) and σ from (3.18).
N1 is splitted in 3 factors:
N1 
∣∣(u · ∇u, δϕ)∣∣ ess sup
Ω
|u| ‖∇u‖‖δϕ‖.
With (3.18) and (A.7) we obtain for the first factor
‖u‖∞  C√
2
‖δu˜‖ +
√
2
π
‖F′‖ C√
2σ
{√
σ ‖δu˜‖ + (ρ|P |)1/2‖F′‖}
 C√
σ
D1/22 
C√
σ
D1/2
with C = 8(√2/m)3/2 and m = min{α,β}. With
‖∇u˜‖ 1
m
‖ε∇u˜‖ 1
m
√
σ
D1/22
we obtain for the second factor
‖∇u‖ = (‖∇u˜‖2 + |P | ‖F′‖2)1/2  (D2/(σm2) +D2/ρ)1/2 
√
1
σm2
+ 1
ρ
D1/2,
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‖δϕ‖√2E1/2.
Thus, we end up with
N1 
√
2C√
σ
√
1
σm2
+ 1
ρ
DE1/2. (3.24)
N2 is estimated as in [12]:
N2  σ‖u‖∞‖δu‖‖εu‖ + ρ‖u˜‖∞ |P |1/2‖F′‖ ‖u˜z‖
 C√
σ
D1/2D1/22 (2E2)1/2 +
√
ρ
C√
σ
D1/2D1/22 (2E1)1/2

√
2C√
σ
(1 + √ρ )DE1/2. (3.25)
Summarizing (3.24) and (3.25) we have
N1 +N2  12D(E/δ)
1/2 (3.26)
with δ given in (3.20).
Finally, we add up equations (3.2) and (3.21), apply Proposition 1, and use the esti-
mates (3.23) and (3.26). This yields
∂tE = −
[D1(1 − ReI1/D1) +D2]+ ReI2 +N1 +N2
−D+ 1
2
D+ 1
2
D(E/δ)1/2 −1
2
D[1 − (E/δ)1/2]
−1
2
D[1 − (E(0)/δ)1/2]−π2∆ReE[1 − (E(0)/δ)1/2]. (3.27)
In the last line we used that E(t) is monotonically nonincreasing if E(0) < δ and that
D  2π2∆ReE , which follows from the inequalities (A.2), (A.3), and 0 < ∆Re < 1. Inte-
grating (3.27) yields then (3.19). 
We close with two remarks:
(1) The functional E dominates the classical energy E = 12‖u‖2. The relevant constant
depends, however, on m and ∆Re:
E = 1
2
‖u˜‖2 + 1
2
|P | ‖F‖2  1
2
1
m2
‖εu‖2 + 1
2
|P | ‖F‖2 max
{
1
σm2
,
1
ρ
}
E .
(2) The stability balls δ differ slightly from those derived in [12] for Couette flow. Con-
sidering the asymptotic behavior of δ in the limits ∆Re → 0 and m → 0, we find
δ1/2 ∼
{
∆Re in the limit ∆Re → 0,
m3
√
αβ in the limit m → 0.
A comparison with the corresponding asymptotic formulas in [12] shows that the asymptot-
ics with respect to ∆Re does not depend of the functional (nor of the boundary conditions,
cf. [15]); the decay of δ for m → 0, however, is here faster than in [12].
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We collect in this appendix some more or less standard inequalities we made use of in
the main text. We begin with
Lemma A.1. Let n ∈ N and aν  0, bν > 0 for 1 ν  n. Then∑n
ν=1 aν∑n
ν=1 bν
max
{
aν
bν
∣∣ 1 ν  n}=: M (A.1)
and equality holds if and only if aν = Mbν for every ν.
Note that inequality (A.1) remains valid for n → ∞.
Frequent use is made of the following Poincaré-type inequalities
‖f ‖ 1
π
‖∇f ‖, (A.2)
‖∇f ‖ 1
π
‖∇∇f ‖ = 1
π
‖∆f ‖, (A.3)
which are valid for P-periodic functions f decomposed according to
f (x, y, z) = 1√P
∑
κ∈Z2
fκ (z)e
i(ακ1x+βκ2y) (A.4)
with (at least) fκ ∈ H 1((− 12 , 12 )) and (weakly) satisfying the boundary conditions
fκ (± 12 ) = 0, κ ∈ Z2 (cf. Appendix A in [13]). The inequalities (A.2), (A.3) hold like-
wise for vector valued functions if each component satisfies such a decomposition.
The next two lemmata provide bounds on the sup-norm ‖ · ‖∞ = ess sup | · | in terms of
the L2-norm ‖ · ‖2 = ‖ · ‖ in one and three dimensions.
Lemma A.2. Let f ∈ H 1((− 12 , 12 )) with (weakly) f (− 12 ) = 0. Then
‖f ‖2∞  2‖f ‖‖f ′‖. (A.5)
Lemma A.3. Let f : R2 ×[− 12 , 12 ] → R be P-periodic and decomposed according to (A.4)
with fκ ∈ H 1((− 12 , 12 )) and weakly satisfying the boundary conditions fκ (± 12 ) = 0 for
κ ∈ Z2 \ {0}, f0 = 1√|P |
∫
P f (x, y, z) dx dy = 0. Then
‖f ‖∞  C
∥∥(−∆2)1/2∂zf ∥∥1/2∥∥(−∆2)f ∥∥1/2  C√
2
‖δf ‖ (A.6)
with C := 8(√2/m)3/2, m := min{α,β}.
A proof of Lemma A.3 can be found in [12].
If f has a nonzero mean value f0 the inequalities (A.2), (A.5) and (A.6) furnish
‖f ‖∞  ‖f˜ ‖∞ + ‖f0‖∞  C√
2
‖δf˜ ‖ +
√
2
π
‖f ′0‖, (A.7)
where f˜ = f − f0.
556 R. Kaiser, G. Mulone / J. Math. Anal. Appl. 302 (2005) 543–556The inequalities (A.5)–(A.7) hold likewise for vector valued functions if each compo-
nent satisfies the appropriate conditions.
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